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ON THE TORELLI GROUP ACTION ON COMPACT CHARACTER
VARIETIES
YOHANN BOUILLY
Abstract. The aim of this article is to prove that the Torelli group action on some G-
character varieties is ergodic. The case G = SU(2) was obtained by Funar–Marché. We
propose another proof of it based on independent methods which extend to a proof of the
ergodicity of the Torelli group action on the G-character variety for G a connected, semi-
simple and compact Lie group.
1. Introduction
Let Σ be a compact, connected, oriented and closed surface of genus g ≥ 2. Denote Γ its
fundamental group and let G be a semi-simple, connected and compact Lie group with Lie
algebra g and adjoint representation Ad : G→ GL(g). We define Hom(Γ, G) to be the set of
homomorphisms ρ : Γ→ G, on which the group G acts by conjugation. We denote by ZG(ρ)
the centralizer of ρ, i.e the set of elements of G which commute with all the ρ(γ), γ ∈ Γ.
This centralizer ZG(ρ) is the stabilizer of ρ for the conjugation action of G.
Definition 1.1. The G-character variety X (Γ, G) is the GIT-quotient
Hom(Γ, G)//G.
In the cases we consider, the set X (Γ, G) contains a dense open set, which is the set of
classes of representations which have a discrete centralizer. Since a semi-simple Lie group has
discrete center the previous condition makes sense. This set of regular points is denoted by
M(Γ, G). Goldman proved in [10] that it carries a sympletic measure. The symplectic form,
we will denote by ωG, is obtained via the following construction. For [ρ] a smooth point, the
tangent space T[ρ]M(Γ, G) is identified with the first group cohomology:
H1(Γ, gρ) =
Z1(Γ, gρ)
B1(Γ, gρ)
where Z1(Γ, gρ) is the set of maps u : Γ→ g such that for all γ1, γ2 ∈ Γ,
u(γ1γ2) = u(γ1) + Ad(ρ(γ1))u(γ2)
and B1(Γ, gρ) be the set of maps of the form γ 7→ x− Ad(ρ(γ))x for x ∈ g.
We define the second cohomology group H2(Γ,R) as the quotient :
Z2(Γ,R)
B2(Γ,R)
where Z2(Γ,R) is the set of maps u : Γ2 → R which verify the cocycle relation
u(γ2, γ3)− u(γ1γ2, γ3) + u(γ1, γ2γ3)− u(γ1, γ2) = 0
for all γ1, γ2, γ3 ∈ Γ and B2(Γ,R) is the set of maps Γ2 → R of the form
(γ1, γ2) 7→ v(γ2) + v(γ1)− v(γ1γ2).
It is well known that the second cohomology group H2(Γ,R) is isomorphic to R.
We hence define ωG by the formula :
ωG[ρ] : H
1(Γ, gρ)
2 → H2(Γ,R) ∼= R
(u, v) 7−−−−→ [(γ1, γ2) 7→ 〈u(γ1),Ad(ρ(γ1))v(γ2)〉].
where 〈·, ·〉 is the Killing form of g. It defines a symplectic measure µ on the character variety.
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The mapping class group Mod+(Σ) is the group of isotopy classes of orientation-preserving
diffeomorphisms of Σ. It acts on the G-character variety via :
[ψ] · [ρ] = [γ 7→ ρ(ψ−1∗ γ)]
and preserves M(Γ, G) and its symplectic structure. Naturally Mod+(Σ) acts on the first
homology group H1(Σ,Z) of Σ. The kernel of this action is called the Torelli group and
denoted by Tor(Σ).
William Goldman and Eugene Xia proved in [11] the following theorem :
Theorem 1.1. The mapping class group acts ergodically on the character varietyM(Γ, SU(2))
with respect to the symplectic measure.
There are however stronger dynamical properties : Louis Funar and Julien Marché proved
recently in [8] that the actions onM(Γ, SU(2)) of the Johnson groups Kn, defined by K0 =
Mod+(Σ) and Kn+1 = [Kn,Kn], are ergodic.
As a consequence :
Corollary 1.1. The Torelli group acts ergodically on the SU(2)-character variety with respect
to the symplectic measure.
Their proof use the local geometry of the character variety at the trivial representation
and Taylor expansions of the trace functions.
The aim of this paper is to propose a new proof of the ergodicity of the Torelli group action
onM(Γ, SU(2)). The tools and the strategy we use will be adapted for the cases G = SU(n),
for n ≥ 2 :
Theorem A. The Torelli group acts ergodically on the SU(n)-character varietyM(Γ, SU(n))
with respect to the symplectic measure.
Doug Pickrell and Eugene Xia generalized the result of [11] in [14] :
Theorem 1.2. Let G be a connected and compact Lie group. Then the mapping class group
acts ergodically on each connected component of the G-character varietyM(Γ, G) with respect
to the measure onM(Γ, G) induced by the Haar measure on G.
We so generalize :
Theorem B. Let G be a connected, semi-simple and compact Lie group. Then the Torelli
group Tor(Σ) acts ergodically on each connected component of M(Γ, G) with respect to the
Goldman symplectic measure.
As corollary, replacing G by a finite product G× · · · ×G, we obtain :
Theorem C. Let G be a group verifying the hypothesis of theorem B. Then, for all k ≥ 1, the
Torelli group Tor(Σ) acts ergodically on each connected components of the productM(Γ, G)k.
In particular on these components, the action of the Torelli group is weakly mixing.
Opening
Following the works of Funar-Marché, the natural continuation of this article is about the
ergodic action of the Johnson subgroups on the character varieties we consider :
Question 1. LetM(Γ, G) be a character variety considered in this article. Is the action of
the Johnson subgroups ergodic on it ? Is there a index n > 0 such that for all i ≤ n the
action of Ki is ergodic and not for i ≥ n+ 1 ?
Julien Marché and Maxime Wolff proved in [13] that the mapping class group acts ergod-
ically on some subspaces of the exotic components of the PSL2(R)-character variety. The
following question is a natural problem about the non-compact cases :
Question 2. Is the Torelli group action on the subspaces introduced by Marché and Wolff
ergodic ?
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In order to give a complete description of the situation, we may wonder if theorem B holds
by dropping the semi-simple condition. Namely, we ask :
Question 3. Is the theorem B true if G is not assumed to be semi-simple ?
In the abelian case, it is observed in [2], that the action is trivial.
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2. Background
2.1. The Torelli group. For more details on this part, see [6]. The mapping class group
Mod+(Σ) of the surface Σ is the quotient of the set of positive diffeomorphisms of Σ quo-
tiented by isotopy relation. It means that a mapping class is a class [f ] = {g ∈ Diff+(Σ) |
g and f are isotopic}.
It is generated by the 3g − 1 Dehn twists Ta1 , . . . , Tbg , Td1 , . . . , Tdg−1 where the curves ai, bi
are given by the presentation :
Γ = 〈a1, b1, . . . , ag, bg | [a1, b1] · · · [ag, bg] = 1〉
and the curves di are the products a−1i ai+1.
The first homology group H1(Σ,Z) ∼= Z2g is freely generated by the curves [a1], . . . , [bg] and
is a lattice in the real homology group H1(Σ,R).
Definition 2.1. The Torelli group Tor(Σ) is the kernel of the action of the mapping class
group on H1(Σ,Z).
An explicit generating set of the Torelli group is the set :
{Tc, TaT−1b | c separating curve and a, b are cohomologuous curves}.
We make an important remark for the following.
Remark 1. if c1, . . . , c` are the boundary components of a subsurface of Σ, then the product
of the Dehn twists Tc1 , . . . , Tc` acts trivially on H1(Σ,R) and hence is in the Torelli group.
2.2. Borel cross sections. Let X be a topological set on which a topological group H acts.
The set X is endowed with its Borelian σ-algebra and a Borelian measure µ. A function
X1 → X2 between two measured sets is bimeasurable if it is, measurable, invertible and has a
measurable inverse. If such a function exists, we say that X1 and X2 are bimeasurable. The
quotient set X/H carries the quotient topology such that the canonical projection X → X/H
is continuous. A Borel cross section is a subset S ⊂ X which intersects the orbits H.x, for
each element x ∈ X, exactly once. Edward Effros gives a proof of the following theorem in
[5]. We state a more restrictive result but sufficient for our purpose.
Theorem 2.1. If X and H are separable, complete, metrizable and locally compact and if H
acts continuously on X, then the following condition are equivalent :
• Each orbit is locally closed.
• Each orbit is locally compact.
• There exists a Borel cross section S for the orbits of H in X.
James Bondar gives this key corollary in [1]:
Theorem 2.2. If X and H verify the hypothesis of the previous theorem and if furthermore
the action of H on X is free and one of the condition of the previous statement holds, then
the Borel cross section S is bimeasurable to the quotient space X/H and for every measurable
function f : X → R : ∫
X
fdµ =
∫
S
(∫
H
f(h.s)dµH(h)
)
dµS(s)
where µS is some Borelian measure on S and µH is the Haar-measure of H.
4 YOHANN BOUILLY
3. Ergodicity for the case of SU(2)
The strategy in proving the ergodicity of the Torelli group action is to find a full measure
subset of the character variety on which every measurable and Tor(Σ)-invariant function is
invariant by the mapping class group action.
3.1. The mapping class group action on the SU(2)-characters. In the rank 1 case
we consider, the Lie algebra su(2) of SU(2) is the Lie algebra of traceless skew-Hermitian
complex 2 × 2-matrices. Let f : SU(2) → [−2, 2] denote the trace function. Its variation
function F is defined as the unique function F : SU(2)→ su(2) such that, for all x ∈ SU(2)
and X ∈ su(2),
d
dt |t=0
f(x. exp(tX)) = 〈F (x), X〉.
Goldman proved, in [9], that :
F (x) = x− tr(x)
2
id.
Following [11], we let :
ζt : SU(2)→ SU(2)
x 7−−−−→ exp(tF (x)).
For x ∈ SU(2), the map t 7→ ζt(x) is a one-parameter subgroup of SU(2).
3.1.1. Separating curve. If a curve α is separating (i.e Σ \ α isn’t connected), then Σ \ α is
the disjoint union Σ1 unionsq Σ2 and the fundamental group Γ is the amalgamated product :
pi1Σ1 ∗〈α〉 pi1Σ2.
The data of two representations ρ1 : pi1Σ1 → SU(2) and ρ2 : pi1Σ2 → SU(2) such that
ρ1(α) = ρ2(α)
allows to construct a unique representation ρ : Γ → SU(2) defined by ρ|pi1Σ1 = ρ1 and
ρ|pi1Σ2 = ρ2.
We let the twist flow ξtα :M(Γ, SU(2))→M(Γ, SU(2)) be defined by :
ξtαρ(γ) =
{
ρ(γ) if γ ∈ pi1(Σ1)
ζt(ρ(α))ρ(γ)ζ−t(ρ(α)) if γ ∈ pi1(Σ2) .
This flow is well defined because ζt(ρ(α)) is the exponential of a polynomial in ρ(α) and
thus commutes with ρ(α).
3.1.2. Non-separating curve. If α is non-separating (i.e if Σ|α is connected), the fundamental
group Γ is the HNN-extension :(
pi1(Σ|α) ∗ 〈β〉
)/〈βα−β−1α−1+ 〉
where α± represent the boundary components of Σ|α. Hence the data of a representation
ρ0 : pi1(Σ|α)→ SU(2)
and a matrix B ∈ SU(2) such that
Bρ0(α−)B−1 = ρ0(α+)
defines a unique representation ρ : Γ→ SU(2) such that ρ|pi1(Σ|α) = ρ0 and ρ(β) = B.
We define the flow ξtα :M(Γ, SU(2))→M(Γ, SU(2)) be defined by :
ξtαρ(γ) =
{
ρ(γ) if γ ∈ pi1(Σ|α)
ζt(ρ(α))ρ(β) if γ = β .
This flow is well defined since it verifies the relation :
ξtαρ(β)ξ
t
αρ(α−)ξ
t
αρ(β)
−1 = ξtαρ(α+).
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3.1.3. The Dehn twists and the flows. For a simple and closed curve α, let the trace function
fα :M(Γ, SU(2))→ [−2, 2] associated with the curve α, i.e.
fα([ρ]) = tr(ρ(α)).
In [9], Goldman proved that these flows are the Hamiltonian flows of the trace functions.
That mean :
dfαX = ωG
(
d
dt |t=0
ξtα, X
)
for all X ∈ TM(Γ, SU(2)).
If x ∈ SU(2), then there exists g ∈ SU(2) such that x = g
(
eiθ 0
0 e−iθ
)
g−1 with θ =
cos−1
(f(ρ(α))
2
)
. We then compute F (x) = x− f(x)
2
id which we can write:
F (x) = g
(
2i sin(θ) 0
0 −2i sin(θ)
)
g−1
and so, by definition :
ζt(x) = g
(
e2it sin(θ) 0
0 e−2it sin(θ)
)
g−1.
In particular, if x = ±id, then for all t ∈ R we have ζt(x) = id and for x 6= ±id, we have
the equality ζt(x) = id if and only if t ∈ 2pi
sin(θ)
Z, and :
Lemma 3.1. If x 6= ±id, then x belongs to the one-parameter subgroup {ζt(x)}t∈R and more
precisely x = ζs(x)(x) for :
s(x) =
θ
2 sin(θ)
.
Moereover, for x ∈ SU(2) such that θ /∈ piQ, the subgroup 〈x〉 is dense in the circle {ζt(x)|t ∈
R} ∼= S1 and acts ergodically on it with respect to the Lebesgue measure.
We hence remark that the Dehn twist Tα acts on ρ with the relation :
Tα.ρ = ξ
s(ρ(α))
α ρ,
and if θ is irrational, then the orbit 〈Tα〉.ρ is dense in the circle defined by the orbit {ξtαρ}t∈R.
The Hamiltonian flow gives an action of the circle Uα := S1 on the subspace of the character
variety consisting of classes of representations [ρ] such that ρ(α) 6= ±id.
We will propose another version of these flows in the case of G = SU(n), for n ≥ 3, in
section 5 and the more general case is treated in section 6.
3.2. Ergodicity of translation actions. We give here key results whose statements allow
to find a condition on a representation and some curves to have a property of density and
ergodicity of the Z-action of a Dehn twists composition, similarly to the lemma 3.1.
We remark that if two simple curves c1 and c2 are disjoint, then the flows ξtc1 and ξ
s
c2
com-
mute. Hence, under this assumption, the actions of these flows on a representation ρ give a
topological torus orbit {ξtc1 .ξsc2ρ}t,s∈R obtained by the action of Uc1 × Uc2 on the characters
which are not ±id evaluated in c1, c2.
Lemma 3.2. Let [ρ] be a class of representations in M(Γ, SU(2)) and suppose that there
exist c1, . . . , c` be simple closed curves of Σ which are pairwise disjoint and such that
pi, θ1 = cos
−1
(
f(ρ(c1))
2
)
, . . . , θ` = cos
−1
(
f(ρ(c`))
2
)
are linearly independent over Q. If we denote h = Tc1 . . . Tc`, then the action of h on the
orbit Uc1 × · · · × Uc` .[ρ] is ergodic with respect to the Lebesgue measure on this torus orbit.
In particular, almost every orbit for the action of h is dense in the topological torus
Uc1 × · · · × Uc` .[ρ].
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Remark 2. With the notations of the lemma 3.2 and if [ρ] verifies the hypothesis of it, then
for all i = 1, . . . , `, the matrix ρ(ci) is different to ±id, then the torus orbit Uc1×· · ·×Uc` .[ρ]
is the torus obtained as the quotient:
R`/Λ
where Λ is the lattice 2pi
sin θ1
Z ⊕ · · · ⊕ 2pi
sin θ`
Z. By definition of the torus R`/Λ, the action of
Uc1 × · · · × Uc` on the character variety is free.
The following is a classical result we need to prove the lemma 3.2 and whose no proof will
be given (see [12] for more details). We denote by T the torus R/2piZ. This notation is
justified by the fact that
T ∼=
{(
eiθ 0
0 e−iθ
)
| θ ∈ R
}
is a maximal torus of SU(2).
Lemma 3.3. Let t = (t1, . . . , t`) ∈ R` such that t1, . . . , t`, pi are linearly independent over Q
and let ft : T` → T` be the translation of vector t. Then the action of 〈ft〉 on T` is ergodic
with respect to the Lebesgue measure.
Proof of the lemma 3.2. We remark that the Dehn twists Tck act as a translation of the torus
orbit Uc1×· · ·×Uc` .[ρ]. The orbit hZ.[ρ] is the orbit 〈ξt1c1 . . . , ξt`c`〉.[ρ] with for all k ∈ {1, . . . , `}:
tk =
θk
2 sin(θk)
.
For such a tk, the action of ξtkck is given by the multiplication by a matrix conjugated to(
eiθk 0
0 e−iθk
)
.
We deduce from this that the action of h on Uc1 × · · · ×Uc` .[ρ] is given by the translation of
the vector (θ1, . . . , θ`). Then the lemma 3.3 shows that this action is ergodic with respect to
the Lebesgue measure since pi, θ1, . . . , θ` are linearly independent over Q. 
3.3. A full measure set. A multicurve m is the union of a finite number of simple, closed
and pairwise disjoint curves. Let denote by MC(Σ) the set of mutlicurves m such that all
the curves of m are simple, closed and non-separating and such that m is the boundary of a
a subsurface of Σ and by MC0(Σ) its subset of multicurves bounding a pair of pant in the
surface Σ.
Definition 3.1. Let m = c1∪ · · ·∪ c` ∈MC(Σ) be a mutlicurve . A class [ρ] ∈M(Γ, SU(2))
verifies the condition (Mm) if the real numbers :
pi, θ1 = cos
−1
(
tr(ρ(c1))
2
)
, . . . , θ` = cos
−1
(
tr(ρ(c`))
2
)
are linearly independant over Q.
Following the previous definition, for m ∈MC0(Σ), we let the set :
Mm(Γ, SU(2)) = {[ρ] ∈M(Γ, SU(2)) | [ρ] statisfies the condition (Mm)}
The aim of this section is to prove the proposition :
Proposition 3.1. Form ∈MC0(Σ), the setMm(Γ, SU(2)) has full measure inM(Γ, SU(2)).
For a curve γ, the angle of ρ(γ), expressed with the formula
cos−1
(
fγ
2
)
,
defines a function θγ : M(Γ, SU(2)) → S1. To simplify the notations, as previously, for a
multicurve m = c1 ∪ c2 ∪ c3 ∈MC0(Σ), we will denote by θ1, θ2 and θ3 the functions θc1 , θc2
and θc3 .
We will need the following lemma :
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Lemma 3.4. Let [ρ] be a class of representations in M(Γ, SU(2)), i.e. ρ has discrete cen-
tralizer, m = c1 ∪ c2 ∪ c3 be a pair of pant such that ρ(ci) 6= ±id and let i0 ∈ {1, 2, 3}. Then
there exists a vector X ∈ T[ρ]M(Γ, SU(2)) such that for i = 1, 2, 3
d[ρ]fciX = δ
i
i0
.
The proof of the lemma 3.4 uses the Fox calculus, a notion of differential calculus on groups.
We refer to the annex in section 6 for the background on the Fox calculus and its use in the
computational proof of the lemma 3.4. We hence start by the proof of the proposition.
Proof of the proposition 3.1. The complement ofMm(Γ, SU(2)) is the set :⋃
(q0,q1,q2,q3)∈Z4\{0}
{
[ρ] ∈M(Γ, SU(2)) | q1θ1(ρ) + q2θ2(ρ) + q3θ3(ρ) = q0pi
}
.
Let q be the vector (q1, q2, q3). If q0 6= 0 and q = 0, the relation q1θ1(ρ)+q2θ2(ρ)+q3θ3(ρ) = q0pi
is empty. We then only have the case q 6= 0 to consider. The proposition will be hence proved
if for every (q0, q1, q2, q3) ∈ Z4\{0} with q 6= 0Z3 , the set :{
[ρ] ∈M(Γ, SU(2)) | q1θ1(ρ) + q2θ2(ρ) + q3θ3(ρ)︸ ︷︷ ︸
=ψm,q([ρ])
= q0pi
}
= ψ−1m,q(q0pi)
has null measure.
We will prove that the map ψm,q is a submersion onM(Γ, SU(2)). We compute that the
differential of ψm,q at a class [ρ] is :
d[ρ]ψm,q =
3∑
i=1
−qi
sin(θi(ρ))
.d[ρ]fci .
Let i0 the first index for which qi0 6= 0. Then for all [ρ] ∈ M(Γ, SU(2)), the lemma 3.4
gives a vector X ∈ T[ρ]M(Γ, SU(2)) such that for i = 1, 2, 3,
d[ρ]fciX = δ
i
i0
.
Hence, we compute :
d[ρ]ψm,qX =
−qi0
sin(θi0(ρ))
6= 0.
We so conclude that the map ψm,q is a submersion and then that the set:
{[ρ] ∈M(Γ, SU(2)) | q1θ1(ρ) + q2θ2(ρ) + q3θ3(ρ) = q0pi}
is a submanifold of the character variety with codimension 1 and hence has null measure.
It follows that Mm(Γ, SU(2)) has full measure as the complement of a countable union of
codimension 1 submanifolds. 
Proof of the Lemma 3.4. Up to applying an element of the mapping class group, we can
assume that c1 = a1, c2 = a1a2, c3 = a2 and that i0 = 1.
The point is to construct a smooth path of representations ρt such that ρ0 = ρ and such
that :
d
dt |t=0
tr(ρt(a1)) 6= 0, d
dt |t=0
tr(ρt(a1a2)) = 0,
d
dt |t=0
tr(ρt(a2)) = 0.
Up to changing the representative of ρ in its conjugacy class, we assume that ρ(a1) is the
diagonal matrix
(
eiθ1 0
0 e−iθ1
)
.
In order to construct the representation ρt, we only need to specify the paths of matrices
ρt(ai) and ρt(bi), for i = 1, . . . , g, such that the equation :
g∏
i=1
[ρt(ai), ρt(bi)] = id
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holds. We let :
ρt(a1) =
(
eit 0
0 e−it
)
ρ(a1).
Hence we compute
d
dt |t=0
tr(ρt(a1)) = −2 sin(θ1) 6= 0
because ρ(a1) 6= ±id.
We impose ρt(ai) = ρ(ai) and ρt(bi) = ρ(bi) for i > 2 (if g > 2). To obtain the other
conditions on the differentials of traces, we set:
ρt(a2) = g(t)ρ(a2)g(t)
−1, ρt(a1a2) = h(t)ρ(a1)ρ(a2)h(t)−1,
ρt(b1) = B1(t) and ρt(b2) = B2(t)
where (g(t))t, (h(t))t, B1(t) and B2(t) are smooth paths in SU(2) such that :
ρt(a1a2) = ρt(a1)ρt(a2) and [ρt(a1), B1(t)][ρt(a2), B2(t)]
g∏
i=3
[ρt(ai), ρt(bi)] = id.
With these conditions, the map ρt : {a1, . . . , bg} → SU(2) extends to a morphism ρt :
Γ → SU(2) which is unique. We have to prove the existence of such paths. Let K :
SU(2)2 × SU(2)2 ×R→ SU(2)× SU(2) defined by K(g, h,B1, B2, t) =(
hρ(a1a2)
−1h−1ρt(a1)gρ(a2)g−1, [ρt(a1), B1][gρ(a2)g−1, B2]
g∏
i=3
[ρ(ai), ρ(bi)]
)
.
Claim 1. If ρ : Γ → SU(2) has a discrete centralizer, then the map K is a submersion at
the point (id, id, ρ(b1), ρ(b2), 0).
In the appendix, we prove the claim 1 and we continue the proof of Lemma 3.4 assuming
that it is true. Hence the preimage K−1(id, id) is a submanifold of codimension 1 of SU(2)2×
SU(2)2×R. We so find ρt : Γ→ SU(2) with the conditions we hoped on the traces. It gives,
up to multiply by a constant, a vector X ∈ T[ρ]M(Γ, SU(2)) which verifies the conclusion of
the lemma 3.4. 
3.4. Proof of the ergodicity. In order to prove the theorem A for n = 2, we will consider
a measurable function which is Tor(Σ)-invariant and proved that, up to restrict it to a full
measure subset, it is invariant under the action of enough Dehn twists to be Mod+(Σ)-
invariant.
Let F :M(Γ, SU(2))→ R be a measurable function and assume that F is Tor(Σ)-invariant.
Let x ∈ {a1, . . . , bg, d1, . . . , dg−1} be a point of the generating set the mapping class group,
see section2, fix a mutlicurve mx = x∪c2∪c3 inMC0(Σ) and denote h the product TxTc2Tc3 .
The set :
Mmx(Γ, SU(2))
has full measure by the proposition 3.1. As the orbits Ux × Uc2 × Uc3 .[ρ] are tori and then
are compact inM(Γ, SU(2)), the theorem 2.1 insures the existence of a Borel cross section,
we will denote by S, ofM(Γ, SU(2)) for the action of Ux × Uc2 × Uc3 we will denote T3 to
simplify the notations.
Since Ux×Uc2 ×Uc3 andM(Γ, SU(2)) verify the assumption of the theorem 2.2, then the
section S is bimeasurable to the quotient
M(Γ, SU(2))/T3
and the restriction µ decompose itself, for all function f :M(Γ, SU(2))→ R+, by the formula
: ∫
M(Γ,SU(2))
fdµ =
∫
S
(∫
T3
f(t.s)dνT3(t)
)
dνS(s)
where νT3 is the Haar measure on the tori T3 given by theorem 2.2 and νS a measure on S
given by the same theorem.
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The function F induces a measurable function F˜ : S ×T3 → R defined by :
F˜ (s, t) = F (t.s).
Fix [ρ] ∈ Mmx(Γ, SU(2)) and let F˜|{[ρ]}×T3 : T3 → R. Such a function is measurable
and invariant by the action of 〈h〉 since F is. Since [ρ] ∈ Mmx(Γ, SU(2)), the action of
the translation 〈h〉 on T3 is ergodic with respect to νT3 . It implies that F˜|{[ρ]}×T3 is almost
everywhere constant and hence that the restriction F|T3.[ρ] is almost everywhere constant.
Since the Dehn twist Tx acts as a translation of the torus on Ux × Uc2 × Uc3 .[ρ], we deduce
that on a full measure subset of Ux×Uc2 ×Uc3 .[ρ] the function F and F ◦Tx are equal. This
fact is true for almost every [ρ] ∈ Mmx(Γ, SU(2)) which has full measure by 3.1. It follows
that F|Mmx (Γ,SU(2)) is almost everywhere invariant by the Dehn twist Tx.
We then deduce that on the space⋂
x∈{a1,...,bg ,d1,...,dg−1}
Mmx(Γ, SU(2)),
which has full measure inM(Γ, SU(2)), the function F is almost everywhere invariant by the
Dehn twists Tx, for all x ∈ {a1, . . . , bg, d1, . . . , dg−1}. It implies that F is almost everywhere
invariant under the action of Mod+(Σ), which is known to be ergodic since the theorem 1.1.
Hence F is almost everywhere constant and this proves the ergodicity of the Torelli group
action onM(Γ, SU(2)).
4. Ergodicity for G = SU(n)
This part is devoted to the proof of the theorem A in the general case. We will use the
same strategy than the previous section, adapting the tools. Let us introduce some notations
we will use.
4.1. Torus actions onMα-reg(Γ, SU(n)). For a matrix A ∈ SU(n) with distinct eigenvalues,
denote λ1(A), . . . , λn(A) its eigenvalues and θ1(A), . . . , θn(A) their arguments we can express
by up to the sign:
cos−1
(
λi(A) + λi(A)
−1
2
)
with the normalisation 0 ≤ θ1(A) ≤ · · · ≤ θn(A) < 2pi. The group SU(n) has rank n− 1 and
every maximal torus is conjugated to the group :{
eiθ1 0 . . . 0
0 eiθ2 . . . 0
...
... . . .
...
0 0 . . . eiθn
 , (θ1, . . . , θn) ∈ [0, 2pi[ and n∏
k=1
eiθk = 1
}
which is isomorphic to Tn−1.
A matrix A ∈ SU(n) is regular if its eigenvalues are simple. Similarly, for a curve α,
a character [ρ] ∈ M(Γ, SU(n)) is α-regular if the matrix ρ(α) is regular. We will denote
Mα-reg(Γ, SU(n)) the subsets of α-regular SU(n)-characters. For all curve α, the subset
Mα-reg(Γ, SU(n)) is an open subset ofM(Γ, SU(n)) and has full measure in it (see subsection
4.2).
We will define actions of a (n−1)-torusTn−1 = (S1)n−1 on the character varietyM(Γ, SU(n)).
Let z = (z1, ..., zn−1) ∈ Tn−1 and hz, the associated diagonal matrix :
diag
(
z1, . . . , zn−1,
1
z1 · · · zn−1
)
in SU(n).
Let A ∈ SU(n) be a regular matrix. There exists a unique decomposition [e1]⊕ · · · ⊕ [en]
of Cn in lines such that:
Aei = λi(A)ei
for all i ∈ {1, . . . , n}.
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Let α be a simple and closed curve and let [ρ] ∈Mα-reg(Γ, SU(n)). With the same notations
than the section 3 and in a basis of Cn in which ρ(α) = h(λ1(ρ(α)),···λn−1(ρ(α))), we define for
z ∈ Tn−1, if α is non-separating, the representation z · ρ by :
z · ρ(γ) =
{
ρ(γ) if γ ∈ pi1(Σ|α)
hzρ(β) if γ = β
and if α is separating by :
z · ρ(γ) =
{
ρ(γ) if γ ∈ pi1(Σ1)
hzρ(γ)h
−1
z if γ ∈ pi1(Σ2) .
It then defines an action, which depends hence of α, of the torus Uα := Tn−1 on the
subspace of α-regular characters. We hence remark that the action of Dehn twists along α
onMα-reg(Γ, SU(n)) is given by:
Tα.[ρ] = λ(ρ(α)) · [ρ]
where λ(ρ(α)) = (λ1(ρ(α)), . . . , λn−1(ρ(α))).
A direct computation shows the essential fact that if α and β are disjoint curves, then the
actions of the tori Uα and Uβ on Mα-reg(Γ, SU(n)) ∩Mβ-reg(Γ, SU(n)) commute. It hence
defines an action of Uα × Uβ on the space of α-regular and β-regular characters.
We so can state an analogue of the lemma 3.2 :
Lemma 4.1. Let [ρ] ∈ M(Γ, SU(n)) and suppose that there exist c1, . . . , c` be pairwise dis-
joints, simple and closed curves of Σ such that:
θ1(ρ(c1)), . . . , θn−1(ρ(c1)), . . . , θ1(ρ(c`)), . . . , θn−1(ρ(c`)), pi
are linearly independent over Q. If we denote h = Tc1 · · ·Tc`, then the action of h on the
orbit Uc1 × · · · × Uc` .[ρ] is ergodic with respect to the Lebesgue measure on this torus orbit.
Proof. As for the proof of the lemma 3.2, the action of the Dehn twists Tci is an action by
translation on the torus. The flows commute on the character variety because the curves are
disjoint and the orbit is given by the formula :
hk.[ρ] = (λ1(ρ(c1))
k, . . . λn−1(ρ(c`))k, . . . , λ1(ρ(c`))k, . . . λn−1(ρ(c`))k).[ρ].
Hence the condition on the θi(ρ(ck)) implies the expected ergodicity by the lemma 3.3. 
4.2. A full measure set and the ergodicity. We define in this section a full measure
subspace of the character variety with the conditions of the previous lemma and conclude
with the ergodicity of the Torelli group action.
Definition 4.1. Let m = c1 ∪ · · · ∪ c` be a multicurve of simple closed and non-separating
curves. A class of representation [ρ] ∈M(Γ, SU(n)) verifies the condition (Mm) if:
θ1(ρ(c1)) . . . , θn−1(ρ(c1)), . . . , θ1(ρ(c`)), . . . θn−1(ρ(c`)), pi
are linearly independent over Q.
Remark 3. If a class of representation [ρ] verifies the condition (Mm) for some m = c1 ∪
· · · ∪ c` ∈MC(Σ) then [ρ] is ci-regular for all i ∈ {1, . . . , `}.
To simplify the notations, for a multicurvem = c1∪· · ·∪c`, we will denote byMm−reg(Γ, SU(n))
the intersection : ⋂`
i=1
Mci−reg(Γ, SU(n))
which has full measure.
We define, for m ∈MC0(Σ), the set:
Mm(Γ, SU(n)) =
{
[ρ] ∈M(Γ, SU(n)) | [ρ] statisfies the condition (Mm)
}
.
Remark 3 assures thatMm(Γ, SU(n)) is contained inMm−reg(Γ, SU(n)).
Proposition 4.1. For all m ∈ MC0(Σ), the set Mm(Γ, SU(n)) has full measure in the
character variety.
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We can write its complement as the set:⋃
q=(q11 ,...,q
1
n−1,...,q
3
1 ,...q
3
n−1)∈Z3(n−1)\{0},q0∈Z
{
[ρ] ∈M(Γ, SU(n)) |
3∑
k=1
n−1∑
i=1
qki θi(ρ(ck)) = q0pi
}
.
We will show that each set of the previous union is a codimension 1 submanifold and hence
show that the union has null measure.
Let ψm,q the functionMm−reg(Γ, SU(n))→ R define by the formula :
ψm,q([ρ]) =
3∑
k=1
n−1∑
i=1
qki θi(ρ(ck)).
Lemma 4.2. The function ψm,q is a submersion.
Denote piki : [ρ] 7→ λi(ρ(ck)) + λi(ρ(ck))−1 so that θi(ρ(ck)) = arccos(pi
k
i ([ρ])
2
) up to the sign.
We then compute the differential of ψm,q :
d[ρ]ψm,q =
3∑
k=1
n−1∑
i=1
− q
k
i
2 sin(θi(ρ(ck)))
d[ρ]pi
k
i .
Lemma 4.3. Let [ρ] be a class of representations inM(Γ, SU(n)), m = c1∪ c2∪ c3 be a pant
such that ρ(ci) does not have ±1 as eigenvalues and let i0 ∈ {1, . . . , n − 1}, k0 ∈ {1, 2, 3}.
Then there exists a vector X ∈ T[ρ]M(Γ, SU(n)) such that for (i, k) ∈ {1, . . . , n−1}×{1, 2, 3},
d[ρ]pi
ck
i X = δ
i
i0
δkk0 .
Proof of lemma 4.3. We are then looking for ρt approaching ρ such that for all (j, k) 6= (i0, k0):
d
dt |t=0
pikj (ρt) = 0
and
d
dt |t=0
pik0i0 (ρt) 6= 0.
The strategy to find this family of representations is the same than in SU(2). Up to
applying an element of the mapping class group, we assume c1 = a1, c2 = a1a2, c3 = a2 and
k0 = 1. Up to changing the representative of ρ in its conjugacy class, we assume that
ρ(a1) =

eiθ1 0 . . . 0
0 eiθ2 . . . 0
...
... . . .
...
0 0 . . . eiθn
 with n∏
k=1
eiθk = 1.
Multiply ρ(a1) by the diagonal matrix hzt with zt = (zt,i)i=1,...n−1 for zt,i0 = eit and zt,k = 1
otherwise. As previously, we impose ρt(a1) = hztρ(a1), ρt(ai) = ρ(ai) and ρt(bi) = ρ(bi) for
all i > 2 (if the genus of the surface is greater than 2). To obtain the other conditions, we
let:
ρt(a2) = g(t)ρ(a2)g(t)
−1 and ρt(a1a2) = h(t)ρ(a1)ρ(a2)h(t)−1
ρt(b1) = B1(t) and ρt(b2) = B(t)
for paths g(t), h(t), B1(t), B2(t) ∈ SU(n) which verify :
ρt(a1a2) = ρt(a1)ρt(a2) and
g∏
i=1
[ρt(ai), ρt(bi)] = id.
With such conditions, the map ρt : {a1, . . . , bg} → SU(n) extends to a unique morphism
ρt : Γ→ SU(n). In particular, if such paths exist, we compute :
d
dt |t=0
pi1i0(ρt) = −2 sin(θi0(ρ(a1))) 6= 0
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since ρ(a1) does not have ±1 as eigenvalue. For such paths the conditions ddt |t=0pikj (ρt) = 0
are clearly verified since we conjugate ρ(a2), ρ(a1a2) by matrices, which does not change the
eigenvalues.
To find such paths, we let the map K : SU(n)2 × SU(n)2 ×R → SU(n) × SU(n) defined
by K(g, h,B1, B2, t) =(
hρ(a1a2)
−1h−1ρt(a1)gρ(a2)g−1, [ρt(a1), B1][gρ(a2)g−1, B2]
g∏
i=3
[ρ(ai), ρ(bi)]
)
.
Claim 2. If ρ : Γ → SU(n) has a discrete centralizer, then the map K is a submersion at
the point (id, id, ρ(b1), ρ(b2), 0).
Assuming the claim 2 which is proved in appendix in section 6, we hence conclude the
existence of the path ρt and then to the existence of a vector X ∈ T[ρ]M(Γ, SU(n)) which
verifies :
d[ρ]pi
k
iX = δ
i
i0
δkk0 .

We now prove the Lemma 4.2. Let i0 ∈ {1, . . . n − 1} and k0 ∈ {1, 2, 3} the first index
such that qk0i0 is non-zero. Let X be te vector field associated to the index i0 and k0 in the
lemma 4.3. We then have that
d[ρ]ψm,qX = −
qk0i0
2 sin(θi(ρ(ck)))
d[ρ]pi
k0
i0
X 6= 0
which proves that ψm,q is a submersion. It proves the lemma 4.2 and then the proposition 4.1.
The proof of the ergodicity use the same arguments than the case of SU(2). Let F :
M(Γ, SU(n)) → R be a measurable and Tor(Σ)-invariant function. For each curve x in the
set {a1, . . . , bg, d1, . . . , dg−1}, we fix a multicurve mx = x ∪ c2 ∪ c3.
Replacing the torus T3 we used for the case SU(2) by the torus T3(n−1), we conclude by
the same methods that on the space⋂
x∈{a1,...,bg ,d1,...,dg−1}
Mmx(Γ, SU(n)),
which has full measure the proposition 4.1, the function F is almost everywhere invariant
by the Dehn twists Tx for all x ∈ {a1, . . . , bg, d1, . . . , dg−1}. It implies that it is almost
everywhere invariant by the mapping class group. The theorem 1.2 shows that F is constant
on a full measure subset of M(Γ, SU(n)). This proves the ergodicity of the Torelli group
action onM(Γ, SU(n)).
5. Ergodicity for the general cases of semi-simple, connected and compact
Lie groups
In this section we generalize the proofs of the ergodicity of the Torelli group on character
varieties with values in a semi-simple, connected and compact Lie group. We will use the
same strategy than the compact Lie groups SU(n) but need to replace the tools we used by
their appropriate analogues in a more general case.
5.1. Preliminaries on compact Lie group theory. Let G be a semi-simple, connected
and compact Lie group with Lie algebra g. A maximal torus is a connected and abelian
subgroup of G which is maximal for these properties. Such a subgroup exists and fix T < G
be a maximal torus. Let t its Lie algebra. It is an abelian subalgebra of g. The subgroup T is
isomorphic to a r-dimensional torus Tr and its Lie algebra t is isomorphic to the commutative
Lie algebra Rr. We will so use the existence of coordinates on t via this isomorphism.
Precisely, for i ∈ {1, . . . , r} and t ∈ T , we denote by λi(t) the projection on the i-th factor
of t ∈ T ∼= Tr.
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It is well known that every element of G is contained in a maximal torus. We have however
the more precise result (see [4] for more details) :
Theorem 5.1. Every k ∈ G is conjugated to an element of T . Moreover, all the maximal
tori are conjugated and hence are isomorphic to Tr.
Remark that a maximal torus can contain two conjugated elements. The integer r is called
the rank of the group G. The Weyl group associated to T is the group NG(T )/T , where the
subgroup NG(T ) is the normalizer of T in G.
Proposition 5.1. ([3]) The Weyl group is finite.
A weight of T is a real and irreducible representation. Let ω be a weight of T and σ :
G→ Aut(V ) be a representation. The sum of all invariant subspaces of σ|T isomorphic to ω
is called the weight space associated to ω of σ. Define, for n = (n1, . . . , nr) ∈ Zr, the linear
form :
Θ∗n : t → R
(x1, . . . , xr) 7→ n1x1 + · · ·+ nrxr
where we use the coordinates on t given by the isomorphism t ∼= Rr coming from
T ∼= (R/Z)r.
It is then well known that the weights of T are either the trivial one-dimensional represen-
tation or the representations Θn : T ∼= Tr → SO2(R), for n = (n1, . . . , nr) ∈ Zr\{0}, defined
by :
Θn([x1, . . . , xr]) =
(
cos(2piΘ∗n(x1, . . . , xr)) − sin(2piΘ∗n(x1, . . . , xr))
sin(2piΘ∗n(x1, . . . , xr)) cos(2piΘ
∗
n(x1, . . . , xr))
)
.
Definition 5.1. A linear form α ∈ t∗ is a root of G if there exists n = (n1, . . . , nr) ∈ Zr\{0}
such that α = Θ∗n and that the weight space of the adjoint representation Ad : G → GL(g)
associated to Θn is non-trivial.
We denote by ∆ the set of roots of G.
Since G is a semi-simple Lie group, the Killing form 〈., .〉 is a scalar product and the
subspace t < g becomes a Euclidean space. Using the induced isomorphism t ∼= t∗, we can
see ∆ as a subset of t and for α ∈ ∆, we define the reflection :
rα : β 7→ β − 2〈β, α〉〈α, α〉 α.
It is well known that the Weyl group associated to T is isomorphic to the subgroupof GL(t):
〈rα|α ∈ ∆〉.
The alcoves of t are the connected components of
t\ ∪α∈∆,n∈N ker(rα − nid).
The Weyl group acts simply transitively on the images in T of alcoves.
Definition 5.2. An element k ∈ G is regular if it is contained in a unique maximal torus.
Let M be the image by the exponential map t → T of an alcove of t, we will say such a
M is an alcove of T and let k ∈ G be a regular element. There exists a unique class gk of
G/ZG(k), with ZG(k) the centralizer of k in G, such that :
gkkg
−1
k ∈M.
Example 1. For G = SU(n) and T the set of diagonal matrices, the roots are given by λi−λk
for i, k ∈ {1, . . . , n} such that i 6= k and where the λi are the eigenvalues. The Weyl group is
then the symmetric group Sn.
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5.2. Density of some orbits. Let G be a semi-simple, connected and compact Lie group
of rank r, let T be a maximal torus and M be an alcove of T .
Let α ∈ Γ be a simple curve. A character [ρ] ∈ M(Γ, G) is α-regular if ρ(α) is regular.
Then there exists a unique class gρ(α) in the quotient G/ZG(ρ(α)), such that :
gρ(α)ρ(α)g
−1
ρ(α) ∈M.
The set of α-regular characters is an open subset of M(Γ, G) and has full measure. The
maximal torus T acts on the space Homα−reg(Γ, G) of α-regular representations via the action,
defined if α is non-separating, for t ∈ T and ρ ∈ Homα−reg(Γ, G), by:
t · ρ(γ) =
{
gρ(α)ρ(γ)g
−1
ρ(α) if γ ∈ pi1(Σ|α)
tgρ(α)ρ(β)g
−1
ρ(α) if γ = β
and if α is separating by :
t · ρ(γ) =
{
gρ(α)ρ(γ)g
−1
ρ(α) if γ ∈ pi1(Σ1)
tgρ(α)ρ(γ)g
−1
ρ(α)t
−1 if γ ∈ pi1(Σ2).
we use the same notations than the sections 3 and 4. Since this action commutes with the
conjugation action of G on the representations, we defined an action, which only depends
of the curve α, of the maximal torus Uα := T on the α-regular characters. As for the case
of SU(n), we have an expression of the Dehn twist Tα, along α, action on the subspace of
α-regular characters via the formula :
Tα.[ρ] = (gρ(α)ρ(α)g
−1
ρ(α)).[ρ].
We then precise the important fact that for two disjoint curves α and β, the actions of
the maximal tori Uα and Uβ on Mα−reg(Γ, G) ∩Mβ−reg(Γ, G) commute. It hence implies
an action of the product Uα × Uβ on the previous intersection. We define the map tα :
Homα−reg(Γ, G)→M by :
tα(ρ) = gρ(α)ρ(α)g
−1
ρ(α).
For every i ∈ {1, . . . , r},the projection λi induces a function, we denote by λi,α, on the
space Homα−reg(Γ, G).
If we conjugate ρ by g ∈ G, we obtain by uniqueness of gρ(α) up to the centralizer of ρ(α),
that there exists z ∈ ZG(ρ(α)) such that :
ggρ(α)g−1g = gρ(α)z
and hence we obtain that tα is invariant under the conjugation action of G on the represen-
tation variety Homα−reg(Γ, G) and descends to a map
Mα−reg(Γ, G)→M,
we will denote tα again.
An element k ∈ G is said generic if 〈gkkg−1k 〉 is dense in T .
Claim 3. An element k ∈ G is generic if and only if for all non-trivial character χ : T → S1,
χ(gkkg
−1
k ) 6= 1.
Proof. Let φ : T → Tr be the isomorphism we mentioned. Then the map χ(φ−1) is a non-
trivial character of the torus Tr. Since a character of Tr is induced by a linear form of Rr
which preserved 2piZr, it as the form (x1, . . . , xr) 7→ n1x1 + · · ·+nrxr with the ni ∈ Z are not
all zero. An element k ∈ T is generic if and only if φ(k) is generic, that mean if it generates a
dense subgroup in Tr. We then have that φ(k) is generic if and only if χ(φ−1)(φ(k)) 6= 1. 
In particular, a generic element of k is regular.
Lemma 5.1. Let ρ : Γ→ G be a representation and α be a simple close curve such that ρ(α)
is generic. Then the orbit
〈Tα〉 · [ρ]
is dense in the torus orbit Uα.[ρ]. Moreover the action of 〈Tα〉 on Uα.[ρ] is ergodic with
respect to the Lebesgue measure.
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Definition 5.3. Let m = c1∪· · ·∪c` be a multicurve. A class of representation [ρ] ∈M(Γ, G)
is m-regular if the elements ρ(c1), . . . , ρ(c`) are regular and we denote by Mm−reg(Γ, G) the
set of m-regular characters. Precisely we have :
Mm−reg(Γ, G) =
⋂`
i=1
Mci−reg(Γ, G).
Since the curves c1, . . . , c` are disjoint, the action of the tori Uc1 , . . . ,Uc` on commute and
the orbits are the torus orbits Uc1 × · · · × Uc` .[ρ].
In this general setting and similarly to the lemmas 3.2 and 4.1, we state :
Lemma 5.2. Let [ρ] ∈ M(Γ, G) and suppose that there exist c1, . . . , c` be pairwise disjoint,
simple and closed curves of Σ such that for all non-trivial character χ : T ` → S1 :
χ(tc1([ρ]), . . . , tc`([ρ])) 6= 1
Then, if we denote h = Tc1 · · ·Tc`, then the action of 〈h〉 on Uc1 × · · · × Uc` .[ρ] is ergodic
with respect to the Lebesgue measure.
To simplify the notations we denote by T ` the product Uc1 × · · · × Uc` .
Proof of the lemma 5.2. Let φ be the isomorphism T ∼= Tr and let χ : T ` → S1 be a non-
trivial character. Then the composition χ ◦ (φ−1, . . . , φ−1) is a non-trivial character of Tr`,
we identify with Rr`/Zr`. The action of h is then given by the translation of vector
(θ1(ρ(c1)), . . . , θr(ρ(c1)), . . . , θ1(ρ(c`)), . . . , θr(ρ(c`)))
where θi(ρ(ck)) is the argument of λi(ρ(ck)). Then, by the lemma 3.3, the action of h is
ergodic on the torus orbit Uc1 × · · · × Uc` .[ρ] with respect to the Lebesgue measure if and
only if
θ1(ρ(c1)), . . . , θr(ρ(c1)), . . . , θ1(ρ(c`)), . . . , θr(ρ(c`)) and 1
are linearly independent over Q. As a character of a torus is given by a linear form of Rr`
with integer coefficient, this condition is equivalent that for all non-trivial character χ′ of Tr`,
χ′(θ1(ρ(c1)), . . . , θr(ρ(c1)), . . . , θ1(ρ(c`)), . . . , θr(ρ(c`))) 6= 1.
The hypothesis allows then to conclude. 
5.3. Proof of the ergodicity. We will adapt the previous proofs of ergodicity of sections
3 and 4 with the condition of the lemma 5.2.
Definition 5.4. A class of representation [ρ] ∈ M(Γ, G) verifies the condition (Mm) if for
all non-trivial character χ : T ` → S1,
χ(tc1([ρ]), . . . , tc`([ρ])) 6= 1.
We introduce :
Mm(Γ, G) =
{
[ρ] ∈M(Γ, G) | [ρ] satisfies the condition (Mm)
}
.
Remark 4. The setMm(Γ, G) is contained inMm−reg(Γ, G).
We hence prove the following :
Proposition 5.2. For all m ∈ MC0(Σ), the space Mm(Γ, G) has full measure in the char-
acter variety.
As in the previous cases, we prove that the set we introduced is the complement of a
countable union of submanifold of codimension 1.
The strategy we use is the same than the propositions 3.1 and 4.1. Let m = c1 ∪ c2 ∪ c3 ∈
MC0(Σ), we write the complement of the set of characters which verify the condition (Mm)
by the union :
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⋃
χ:T 3→S1
non-trivial character
{
[ρ] ∈M(Γ, G) | χ(tc1([ρ]), tc2([ρ]), tc3([ρ])) = 1
}
.
We will hence prove that for all non-trivial character χ : T 3 → S1, the set{
[ρ] ∈M(Γ, G) | χ(tc1([ρ]), tc2([ρ]), tc3([ρ])) = 1
}
has null measure as a preimage of 1 by the map ψχ,m = χ(tc1(·), tc2(·), tc3(·)), defined on
Mm−reg(Γ, G), we will prove to be a submersion. It is the goal of the following lemma.
Lemma 5.3. For all non-trivial character χ : T 3 → S1, the map ψχ,m is a submersion.
Proof. It suffices, for [ρ] ∈M(Γ, G), to find a vector X ∈ T[ρ]M(Γ, G) such that :
d[ρ]ψχ,mX 6= 0.
Write :
dψχ,mX = dχ(dtc1X, dtc2X, dtc3X)
where, for φ be the isomorphism T ∼= Tr we use in the proof of the lemma 5.2 and d[ρ]tckX
be :
dφ−1φ(tck ([ρ]))
(
d
dt |t=0
λ1(ρt(ck)), . . . ,
d
dt |t=0
λr(ρt(ck))
)
,
where (ρt)t is the path tangent to X.
Let k0 ∈ {1, 2, 3} and i0 ∈ {1, . . . , r} such that dχei0 6= 0, with (ei)i denote the canonical
basis of the k0-th copy of Rr. Such integers exist because χ is not the trivial character.
We are looking for ρt approaching ρ such that for all (j, k) 6= (i0, k0) :
d
dt |t=0
λj(ρt(ck)) = 0 and
d
dt |t=0
λi0(ρt(ck0)) 6= 0.
We assume that c1 = a1, c2 = a1a2, c3 = a2 and k0 = 1. We multiply ρ(a1) by the element
ut ∈ M which corresponds, by T ∼= Tr, to the vector (1, . . . , eit, . . . , 1) of Tr (with eit in
i0-th position) and we impose ρt(ai) = ρ(ai) and ρt(bi) = ρ(bi) when i > 2 (in genus g > 2)
and define ρt(a1) = utρ(a1), ρt(a2) = g(t)ρ(a2)g(t)−1, ρt(b1) = B1(t), ρt(b2) = B2(t) and
ρt(a1a2) = h(t)ρ(a1a2)h(t)
−1 for smooth paths g(t), h(t), B1(t), B2(t) ∈ G such that :
ρt(a1a2) = ρt(a1)ρt(a2) and
g∏
i=1
[ρt(ai), ρt(bi)] = 1.
Let the map K : G2 ×G2 ×R→ G×G defined by K(g, h,B1, B2, t) =(
hρ(a1a2)
−1h−1ρt(a1)gρ(a2)g−1, [ρt(a1), B1][gρ(a2)g−1, B2]
g∏
i=3
[ρ(ai), ρ(bi)]
)
.
Claim 4. If ρ : Γ → G has a discrete centralizer, then the map K is a submersion at the
point (id, id, ρ(b1), ρ(b2), 0).
The claim 4 allows to find a path (ρt)t of representations and then a vectorX ∈ T[ρ]M(Γ, G)
such that :
d[ρ]ψχ,mX 6= 0. 
The set of characters T 3 → S1 is countable because such a character is given by a linear
form :
χ˜ : R3r → R,
such that χ˜(Z3r) ⊂ Z. Hence there is a countable number of possibilities to obtain characters
of the 3r-torus, looking the image by χ˜ of the canonical basis.
Since the complement of Mm(Γ, G) is a countable union of codimension 1 submanifolds
and hence a countable union of null measure sets, we conclude to the proposition 5.2.
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We conclude the proof of the ergodicity with the same arguments than the previous cases.
We prove then that all Tor(Σ)-invariant and measurable function M(Γ, G) → R can be
restricted to a full measure set on which it will be invariant under the generators of the
mapping class group and then the theorem 1.2 allows to conclude that such a function is
almost everywhere constant, that is the Torelli group action onM(Γ, G) is ergodic.
Appendix A. Appendix : Fox calculus and proof of the main claims
A.1. Fox Calculus. This appendix consists in giving the tools to do differential calculus on
words of free groups. A derivation of a finitely-generated free group F = 〈s1, . . . , sr〉 is a
Z-linear map D : ZF → ZF where ZF is the group ring of F , verifying the cocycle relation:
D(xy) = D(x) + xD(y).
R.H.Fox proved that :
Theorem A.1. ([7]) The set of derivations of F is generated as Z[F ]-module by elements
∂
∂xi
, for i = 1, . . . , r, such that :
∂
∂xi
(xj) = δ
j
i .
This theorem and the formula D(xy) = D(x) + xD(y) allow to compute, for all w ∈ F ,
the derivatives ∂
∂xi
(w).
Example 2. [[10], section 3] If F is the free group 〈a, b〉, then we compute :
∂
∂a
(a−1) = −a−1, ∂
∂a
(ab) = 1,
∂
∂b
(ab) = a
∂
∂a
(aba−1) = 1− aba−1, ∂
∂b
(aba−1) = a
∂
∂a
(aba−1b−1) = 1− aba−1 and ∂
∂b
(aba−1b−1) = a− aba−1b−1.
We will use the Fox calculus to complete the proof of the lemma 3.4. Indeed this theory
allows to derivate words in term of generators. For i = 1, . . . , r, denote by dxi the projection
gr → g.
These projections are the derivatives of the projection maps xi : Gr → G. Let w ∈ F be a
word. It defines a map Gr → G whose derivative is given by :
Dw =
r∑
i=1
∂w
∂xi
dxi.
Then the computations of the ∂w
∂xi
are similarly than the computations the example 2 allows
to derivate the word function on G.
A.2. Proof of the main claims. Let [ρ] ∈ M(Γ, G) and let (ρt(a1))t be the paths of
elements ofG we constructed in section 5. We have to prove that the mapK : G4×R→ G×G
defined by K(g, h,B1, B2, t) =(
hρ(a1a2)
−1h−1ρt(a1)gρ(a2)g−1, [ρt(a1), B1][gρ(a2)g−1, B2]
g∏
i=3
[ρ(ai), ρ(bi)]
)
,
is a submersion at the point (id, id, ρ(b1), ρ(b2), 0). To simplify the notations, let K1 and K2
the first and the second coordinates of K.
Its differential at the point (id, id, B1, B2, 0) has the form :(
D(id,id,ρ(b1),ρ(b2))K1,0
D(id,id,ρ(b1),ρ(b2))K2,0
)
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whereD(id,id,ρ(b1),ρ(b2))Ki,0 : g4 → g is the tangent map ofKi,0(., ., ., .) = Ki(., ., ., ., 0) : G4 → G
at the point (id, id, ρ(b1), ρ(b2)).
We hence compute that :
Dg,h,B1,B2K1,0 = Ad
( ∂
∂g
(K1,0)
)
dg + Ad
( ∂
∂h
(K1,0)
)
dh
with
∂
∂g
(K1,0)(g, h) = hρ(a1a2)
−1h−1ρ(a1)(id− gρ(a2)g−1)
and
∂
∂h
(K1,0)(g, h) = id− hρ(a1a2)−1h−1.
Since for two orthogonal transformations T and S of a Euclidean vector space, the orthogonal
subspace to Im
(
S(id− T )) is the kernel of id− STS−1, we have that the space
Ad
( ∂
∂g
(K1,0)(id, id)
)
(g4)⊥
is the kernel of the operator Ad(id− ρ(a2)−1). Similarly the subspace
Ad
( ∂
∂h
(K1,0)(id, id)
)
(g4)⊥
is the kernel of the operator Ad(id− ρ(a2)−1ρ(a1)−1).
Since we can write the space Did,id,B1,B2K1,0(g4)⊥ as the intersection :
Ad
( ∂
∂g
(K1,0)(id, id)
)
(g4)⊥ ∩ Ad ( ∂
∂h
(K1,0)(id, id)
)
(g4)⊥,
as in [10], we deduce that the rank of Did,id,B1,B2K1,0 is the codimension of the centralizer of
the set {ρ(a1), ρ(a2)}.
In the same way, we compute :
Dg,h,B1,B2K2,0 = Ad
( ∂
∂g
(K2,0)
)
dg + Ad
( ∂
∂B1
(K2,0)
)
dB1 + Ad
( ∂
∂B2
(K2,0)
)
dB2
with
∂
∂B1
(K2,0) = ρ(a1)(id−B1ρ(a1)B−11 )
and
∂
∂B2
(K2,0) = [ρ(a1), B1]gρ(a2)g
−1(id−B2gρ(a2)g−1B−12 ).
As in [10], the same computations for K2,0 allow to deduce that the rank of the map K
at the point (id, id, ρ(b1), ρ(b2)) is the codimentsion of the centralizer ZG(ρ). SinceM(Γ, G)
is the set of classes of representations with discrete centralizer in G, we obtain that K is a
submersion at (id, id, ρ(b1), ρ(b2)). It proves completely the Lemmas 3.4, 4.3 and 5.3.
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